INTRODUCTION w x Ž In Har92, pp. 103᎐105 J. Harris stated that for all integers t G 1 but . Ž . only showed a proof for t s 2 the t y 1 -secant variety to the rational normal curve is the rank-t determinantal variety associated to any element Ž . of a certain set of Hankel matrices M over the polynomial ring S j ' M equals the ideal of the secant variety it cuts out tq1 ␣ w x set-theoretically. This equality was also established in GP82 . In general the set of degree-2 forms
Ž ry1 . Ž w spans the ideal I j of the Veronese variety ‫ސ‬ again see Har92, r j x . pp. 103᎐105 . w x A. Iarrobino and V. Kanev introduced in IK96 the general notion of catalecticant matrices which appear to be a natural extension, to an arbitrary number of variables, of the matrices M . They also defined the ␣ Ž .
ry1
locally closed sub-scheme ‫ސ‬Gor T : ‫ސ‬ as the intersection of j y 1 Ž . rank-t determinantal schemes V u, j y u; r , where, for any integer Ž .
r y 1 tG0, V u, j y u; r is defined to be the sub-scheme of ‫ސ‬ generated by t Ž . Ž . the t q 1 -minors of the catalecticant matrix Cat u, j y u; r and T s Ž . t, . . . , t , . . . is the Hilbert function of a Gorenstein Artinian standard 1 u Ž w x . graded k-algebra of socle degree j see Ger96 for a discussion . In fact, Ž . ‫ސ‬Gor T is a parameter space for the collection of all Gorenstein Artinian standard k-algebras of socle degree j and Hilbert function T. In particular, Ž . Ž . for T s t , . . . , t , 0, . . . , t s 1, ᭙ u s 1, . . . , j, the reduction of ‫ސ‬Gor T 1 j u Ž r y 1 . is the Veronese variety ‫ސ‬ . j Ž . We will study the relationship between I j and the rank-1 determinanr tal ideals of the catalecticant matrices in order to generalize to an w x w arbitrary R ' k x , x , . . . , x , the above mentioned result Har92, pp. Ž . positive integers i, j such that i -j, the catalecticant matrix Cat i, j y i; r is the matrix with row and column indices respectively given by the 
We will call it non-tri¨ial if I / K and I / L, so that it determines a non-vanishing degree-2 form a a y a a , i.e., a well-de-
Let ⌺ denote the permutation group on r elements. We will consider r the elements of ⌺ as permutations on the entries in the multi-indices
The symbol U will denote the component-wise partial ordering of
operator n will indicate either the minimum of two integers or the Ž Ž . Ž . ''GCD'' of two integer multi-indices for instance, 4, 0, 0 n 2, 2, 0 s Ž .. 2, 0, 0 .
THE LOCATION OF THE 2-MINORS OF CATALECTICANTS
Ž . Given an element of M M j we are interested in establishing criteria r Ž . to determine which catalecticant matrices Cat i, j y i; r , if any, it belongs to. To this end, we will associate to each integers that will help us locate it as a 2-minor of some catalecticant matrix.
be the following pair of integers,
The character is well defined thanks to the following lemma.
Proof. We will just prove the first equality. The second follows in a similar fashion.
On the other hand, if s 0, say I n K s 0, then i k s 0 for every ␣ s 1, . . . , r, which means K U J. Again a degree ␣ ␣ argument shows that K s J, which is impossible.
Ž .
We now single out some special elements of M M j which enjoy a r peculiar irredundancy property.
DEFINITION. We will say that s a a y a a g M M j is reduced if
If we define the GCD of to be the multi-index
Ž . then is reduced if and only if M s 0.
It is easy to see that M F F . The next proposition shows that for a reduced there is exactly one Ž . catalecticant naturally, up to taking transposes , where can be located as a 2-minor.
Moreo¨er, this is the only such decomposition for . Therefore
are the only catalecticant matrices where li¨es as a 2-minor.
Proof. We first define Ä 4
The third last equality is a consequence of the following set-theoretic formula involving disjoint unions,˙İ
Without loss of generality, we now prove that the decomposition holds by only showing that
In fact, the other equalities follow in a similar fashion. Let's fix an index ␣. If a s 0 the equality is obviously true. Assume that i ) 0, hence
we are done. On the other hand, if l s 0, it follows that i s k y j ,
Ä 4 hence i F k and min i , l s 0, so we are done again.
Because all multi-indices have non-negative entries, we easily see that
We will only show that
Ž . as the remaining inequalities follow through similar calculations. From 1 we also see that
finishes up the proof. On the other hand, if j s 0, we easily see that
When is not reduced, we may ''reduce'' it by suitably ''dividing'' it out Ž . by M to obtain
Ž .
rM ore precisely, is defined to be the degree-2 form ' a a y a a ,˜˜Ĩ
and so on, we have that
From the above statement, we also find that
so that, thanks to Proposition 2.2, is a 2-minor of
The foregoing discussion regarding the reduced case sheds some light on the problem of determining in which catalecticant matrices we might find the 2-minor . We will need a precise way to consistently move up and down through degrees by means of suitable concepts of ''division'' and Ž . ''multiplication.'' If a иии a is an arbitrary monomial of S j and Z is a
Ž . and linearly extend ) to a multiplication Z) for every g S j .
r For a start, we obtain the following result.
Proof. Let be determined by a set of equations as 1 and, for a given S satisfying 0 U S U Z, set T s Z y S. The equalities
prove the statement true.
As an immediate consequence of the preceding discussion we obtain:
that is, the set of 2-minors of all the catalecticant matrices in degree j, span Ž ry1 . the ideal of the Veronese¨ariety ‫ސ‬ .
j
We will refine this result by proving that, in fact, the 2-minors of each Ž . catalecticant matrix suffice to determine a generating set for I j . As a first step, we prove the following theorem which solves the problem of exactly determining the location, read membership, of each 2-minor in the various catalecticants.
.
if and only if
Proof. We remark that it must always have
q Ž . otherwise s j, so that the integer intervals in the statement are consistent with the admissible values of N.
Ž . « We may as well assume N F jr2. from which we will deduce also that y ỹ< 
ence a G a , ᭙␣ s 1, . . . , r. Then, as we have announced, A U A.
␣ ␣
Ž . As far as the remaining inequality is concerned, we note that 7 already gives us˜˜˜Ã
i.e., once we have realized the suitable meaning of symbols, alsõX
Again, is reduced, therefore˜X
Ž . From the above formula and 8 , we conclude that A U A q M .
Ž . Ž . ¥ Conversely, let us take g M M j , and consider its reduction,
2 so that, by Proposition 2.3, we check that 
where, as stated in Proposition 2.2,
Here we adopt the following natural notation to describe the entries of our indices: I s i , . . . , i , A s a , . . . , a , AЈ s a , . . . , a , 
Consequently,
Ž . 
Ž . CLAIM 3.3. Thanks to 9 , A A / A AЈ, B B / B BЈ hold together with I I / K K and I I / L L.
So we are enabled to assert the correctness of the definition Ј ' a a y a a g M M j .
Ž .
We also note that I I s I and J J s J. 
By the induction hypothesis on N we know that Proof of Claim 3.2. We recall that the non-triviality of means I / L < < < < although I s L . Therefore there must necessarily be an index ␣ such Ž . that l -i and also an index ␤ / ␣ such that i -l . Then 9 follows hence,
Ž . so that B s 1 s N , whereas we had assumed N ) 1. We can 0 0 proceed similarly to show that A A / A AЈ.
Proof of Claim 3.4. Without loss of generality we assume that
Ž . Ä< < < <4 < < i.e., s A , B . Recalling Claim 3.2, we first evaluate I I n L L :
Fi nk q i nk q i nk q1 
Ž . Ž .
r 2 Ž ry1 . In fact, the ideal of the Veronese¨ariety ‫ސ‬ is generated by the set of all j 2-minors belonging to the first catalecticant matrix.
What is now left to demonstrate is that each 2-minor of Cat 1, j y 1; r is generated by the 2-minors of any catalecticant matrix in the same degree j. We start out with the case r s 2 which will then constitute the base induction step of the general result.
THE IDEAL OF THE RATIONAL NORMAL CURVE
All throughout the present section, we will deal with degree-2 forms such as
for integers d G 1 and i, j, k, l, the latter being not greater than d. 
up to swapping a and a . Now set N such that 2 F N F d y 2,
and consider the following pair of multi-indices
The homogeneous forms, ' a a y a a , ' a a y a a , are Finally, by virtue of Proposition 2.3,
This concludes our proof: in fact, the range of the integer valued Ž . < < < Ž .< function N, S ¬ N q S , defined for all N s 2, . . . , d y M y 2 and Ž . for all multi-indices S satisfying 0 U S U M , is the integer interval w x 2, d y 2 . w Here we obtain the well-known result for the Hankel matrices Har92, x pp. 103᎐105; GP82, Lemme 2.3 :
5. THE GENERAL CASE, r ) 2
We now proceed to establish some technical results. In what follows, I, J, K, and L will always denote r-multi-indices of degree j such that 
Ž .
1 n q 1 r and B Ž .
Proof. Fix N and suppose first that
3
Ž . F is well-defined thanks to 17 and F n y 1. It is easy to check that, under the hypothesis of the claim, the forms ' a a y a a and
rem 2.5, we evaluate the location of and . As for , noting that 1 2 1 ␦ F iq 1, we have
. so we conclude that g Mins Cat N, j y N; r . Moreover,
. so that g Mins Cat N, j y N; r . Again we conclude as s q . k sjyk )Nyk G0, then we can find non-negative integers
Now we distinguish between the two cases:
It is now easy to see that F is a well-defined multi-index and so are Ž . ' a a y a a , ' a a y a a g it is easy to see that F is well-defined. We can therefore correctly define Ž . ' a a y a a , ' a a y a a g M M j . By means of Theorem 2.5,
we can locate such forms as < < JnE s k y1 q e q1 qe qиии qe s N, Ž . Ž . The following proposition is needed to demonstrate that ''special'' 2-minors of the first catalecticant matrix are spanned by the 2-minors arising from all the others. Proof. Since is reduced we can use Theorem 2.5 to obtain that Ž . Ä 4 < < s 1, j y 1 , so that w.l.o.g. we can assume that I n K s 1 and < < r InL sjy1, hence 1 s Ý i n k , which is only possible because 
21
where we point out that i F l , ᭙␣ s 1, . . . , n. Therefore
